In extended supergravity theories there are p-brane solutions preserving different numbers of supersymmetries, depending on the charges, the spacetime dimension and the number of original supersymmetries (8, 16 or 32). We find U-duality invariant conditions on the quantized charges which specify the number of supersymmetries preserved with a particular charge configuration. These conditions relate U-duality invariants to the picture of intersecting branes. The analysis is carried out for all extended supergravities with 16 or 32 supersymmetries in various dimensions.
Introduction
Extended supergravity theories contain BPS black hole solutions which preserve some supersymmetries. Given a generic charge configuration we can find an extremal black hole solution, extremal in the sense of the cosmic censorship bound, i.e. the black hole solution with a mass that saturates the bound coming from demanding that there be no naked singularities. In some cases the extremal black hole is also BPS [1] and in some others it is not BPS. Even in the case when the extremal solution is supersymmetric it can preserve different numbers of supersymmetries. The charges transform under a group G characteristic of the supergravity theory. We show how different cases are separated by G-invariant conditions on the charges.
Maximally extended supergravities in d spacetime dimensions are the low energy limit of type II (A or B) string theory compactified on a 10-d dimensional torus. The classical supergravity theories are formulated in terms of an underlying non-compact group G [2] [3] which is G = E 11−d , i.e. E 7 in four dimensions, E 6 in five dimensions, E 5 = S0 (5, 5) in six dimensions, E 4 = SL(5, R) in seven dimensions, E 3 = SL(3, R) × SL(2, R) in eight dimensions and E 2 = SL(2, R) × O(1, 1) in nine dimensions. These theories contain some Abelian p + 1-form potentials which, for each p, arrange themselves into multiplets of the group G. They also have a large number of scalar fields which live in the coset space G/H, where H is a maximal compact subgroup of the non-compact group G. Even though the symmetry of the theory is only H the charges transform under the group G.
In the full quantum theory, charges are quantized and the duality symmetry is broken to a discrete subgroup G(Z), which is the U-duality group [4] . Classical supergravity solutions correspond to the limit of large values of integer quantized charges. In this case the action of G(Z) becomes almost continuous, so we will consider the action of the continuous group. We normalize the charges so that they become integers in the quantum theory. The various p + 1-forms couple to p-dimensional objects and we always consider p < d − 3 so that fields decay fast enough at infinity, enabling the action of the various (super)symmetry generators on the configuration to be well defined. If this condition is not satisfied the geometry will not be asymptotically Minkowski in the presence of a brane. where the same representation includes both electric and magnetic objects. The commutator of two supersymmetries contains several "central charge matrices". These central charge matrices depend on the charges and on the moduli of the theory, which are the values of the scalar fields at infinity. By using a transformation in the group H it is possible to reduce the central charges into a normal form where they are "diagonal" [5] . BPS states with enhanced supersymmetry restrict the eigenvalues of the central charge matrices, giving constraints on the charges. The central charges in the normal frame still depend on the moduli. These are residual G/H transformations that keep the diagonal structure of the matrix in the normal frame. These tranformations are just some number of O(1, 1) rotations. We can view this choice of the normal frame as choosing a particular background of a square torus where the charges are aligned in a simple way on the torus. The residual transformations are related to the possibility of changing the size of the torus, etc. [6] .
In the case of extremal BPS black hole solutions it is possible to write the entropy in terms of the charges in a U-dual fashion. This makes use of particular quartic [7] and cubic [8] [9] invariants in 4 and 5 dimensions respectively. This is the situation when the charges are generic. There are however some charge configurations for which the area of the black hole horizon is zero, and also some configurations which preserve a larger number of supersymmetries. There are also configurations that do not preserve any supersymmetries.
In different dimensions the number of possible preserved supersymmetries can be calculated We write down U-duality invariant expressions which separate the various cases. We also argue that one can choose a "basis" for the charges in which each element by itself breaks 1/2 of the supersymmetry and that, taken together, they break more supersymmetries. This "basis" has a representation in terms of intersecting branes.
We can decompactify the d-dimensional theory into a d − 1 dimensional one by letting one of the radii of the torus go to infinity. The duality group decomposes as It is also instructive to decompose E 10−d under S, T duality. The decomposition reads
This decomposition separates NS and R charges in string theory. 2. Maximal supergravity in various dimensions, 4 ≤ d ≤ 9
Five dimensions
We start with the five-dimensional case. We have 27 Abelian gauge fields which transform in the fundamental representation of E 6 . The electrically charged objects are point-like and the magnetic duals are one-dimensional, or string-like. The first invariant of
In fact, the entropy of a black hole with charges
. We will see that a configuration with I 3 = 0 preserves 1/8 of the supersymmetries. If I 3 = 0 and ∂q i = 0 (and the charge vector q i is non-zero), the configuration preserves 1/2 of the supersymmetries. We will show this by choosing a particular basis for the charges, the general result following by U-duality.
In five dimensions the compact group H is U Sp (8) . 4 In the commutator of the supersymmetry generators we have a central charge matrix Z ab which can be brought to a normal form by a U Sp (8) transformation. In the normal form the central charge matrix can be written as
4 We choose our conventions so that U Sp(2) = SU (2).
we can order s i so that s 1 ≥ s 2 ≥ |s 3 |. The cubic invariant, in this basis, becomes [9]
Even though the eigenvalues s i might depend on the moduli, the invariant (2.2) only depends on the quantized values of the charges. We can write a generic charge configuration as U eU t , where e is the normal frame as above, and the invariant will then be (2.2). There are three distinct possibilities
Taking the case of type II on T 5 we can choose the rotation in such a way that, for example, s 1 corresponds to solitonic five-brane charge, s 2 to fundamental string winding charge along some direction and s 3 to Kaluza-Klein momentum along the same direction.
We can see that in this specific example the three possibilities in (2. It is useful to decompose the U-duality group into the T-duality group and the Sduality group [10] . The decomposition reads This is saying that in order to have a non-zero area black hole we must have three NS charges (more precisely some "perturbative" charges and a solitonic five-brane); or we can have two D-brane charges and one NS charge. In particular, it is not possible to have a black hole with a non-zero horizon area with purely D-brane charges.
Notice that the non-compact nature of the groups is crucial in this classification.
Four dimensions
In four dimensions the duality group is E 7 and the charges transform in the 56 representation of E 7 . In this case electric and magnetic charges are all point-like and are included in the same representation of the duality group. The invariant is quartic
[13] [14] and it can also be expressed in terms of the central charge matrix Z AB (q, φ). Of course, the dependence on the scalar fields drops out from the expression for 
It was shown in [9] [16] that for a 1/8 supersymmetric solution We also see that at the horizon we can choose ϕ h = 0.
The condition for a 1/4 BPS state is [9] 
This happens when ∂I 4 ∂z i = 0, in the normal frame this implies, in particular, φ = 0 and also
We then see that there is no extra phase if the configuration preserves at least 1/4 supersymmetry.
If the state preserves 1/2 of the supersymmetries the condition on the central charges
. This translates into the condition that the second derivatives of I 4 projected on the adjoint representation vanish,
There is no constraint on the 1463 representation of E 7 present in the above symmetric polynomial [19] . Note that under SU (8): 1463 = 1 + · · ·, where the singlet is the 1/2 BPS mass which can be extracted from I 4 as follows
If the phase vanishes, I 4 becomes
where we have defined s i by there are two types of 1/8 BPS solutions. In the supergravity description, the difference between them is that the first in (2.14) has non-zero horizon area. If I 4 < 0 the solution is not BPS. This case corresponds, for example, to changing the sign of one of the three-brane charges discussed above. By U-duality transformations we can relate this to configurations of branes at angles such as in [20] .
Going from four to five dimensions it is natural to decompose the
where E 6 is the duality group in five dimensions and O(1, 1) is the extra T duality that appears when we compactify from five to four dimensions. According to this decomposition the representation breaks as 56 → 27 1 +1 −3 +27 ′ −1 +1 3 and the quartic invariant becomes
The 27 comes from point-like charges in five dimensions an the 27 ′ comes from string-like charges.
Decomposing the U-duality group into T-and S-duality groups, E 7 → SL(2, R) × 
where γ i are the O(6, 6) gamma-matrices.
An interesting case where I 4 is negative corresponds to a configuration carrying electric and magnetic charges under the same gauge group, for example a 0-brane plus 6-brane configuration which is U-dual to a KK-monopole and plus KK-momentum [21] . This case corresponds to z i = ρe iϕ/4 and the phase is tan ϕ/4 = e/g where e is the electric charge and g is the magnetic charge. Using (2.7) we find that I 4 < 0 unless the solution is purely electric or purely magnetic. In [22] it was suggested that 0 + 6 does not form a supersymmetric state. Actually it was shown in [23] that a 0+6 configuration can be T-dualized into a non-BPS configuration of four intersecting D-3-branes. Of course, I 4 is negative for both configurations. Notice that even though these two charges are Dirac dual (and U-dual) they are not S-dual in the sense of filling out an SL(2, Z) multiplet. In fact, the KK-monopole forms an SL(2, Z) multiplet with a fundamental string winding charge under S-duality [24] .
Six dimensions
In this case the duality group is O(5,5) and we have vector fields and two form field Going from five to six by decompactifying one dimension leads to the decomposition A one-dimensional solution can also carry "zero-dimensional" charge; this charge can be spread uniformly along the string. These configurations can break more supersymmetries, leaving only 1/8, when the invariant 16 1 16 1 10 −2 is non-zero, and they have a natural interpretation as black holes in d = 5.
Seven dimensions
The duality group is SL(5). We have again vector potentials and two-form potentials.
So we have point-like configurations whose magnetic duals are three-branes and stringlike configurations whose magnetic duals are two-branes. In going from six to seven dimensions 
Eight dimensions
In eight dimensions the duality group is SL(3,Z)×SL(2,Z). We have point-like configurations and their magnetic 4-brane duals, string-like configurations and their magnetic 3-brane duals, and finally two-brane configurations. The point-like configurations w αb are in 3 × 2, the string-like configurations in 3 ′ × 1 and the dyonic two-brane in 1 × 2.
In M(atrix) theory, the description is based on a 3+1 YM theory on a torus. SL (3,Z) comes from the symmetries of the torus while SL(2,Z) comes from the S-duality of YM [27] .
The six point-like charges correspond to fluxes in the YM theory, the string-like charges correspond to momentum modes along the three-torus.
It is clear that there are no invariant conditions that select 1/4 or 1/2 in the case of solutions with purely string charges or purely two-brane charges. This fits in with the fact that those configurations can only be 1/2 BPS.
The point-like solutions could be 1/2 or 1/4 BPS according to whether ǫ ab w αa w βb is zero or not, where w αa are the point-like charges.
Nine dimensions
In nine dimensions the duality group is SL(2, Z) × Z 2 . The point-like charges belong to 2 (v α ) and 1 (v). In the IIB case they would correspond to the two wrapped strings, the fundamental string and the D-string, and the KK momentum mode. The string-like charges are in 2 (the fundamental string and the D-string), the two-brane charge is a singlet 1 (from the ten-dimensional D3-brane) and the rest are the magnetic duals of the above.
With point-like charges we can preserve 1/2 of the supersymmetries if v = 0 or v α = 0 (i,e vv α = 0) and 1/4 if both are non-zero.
Supergravities with 16 supersymmetries
Now we turn to the discussion of supergravity theories with 16 supersymmetries like respectively. If we think of heterotic strings on T 6 then n = 22 and SL(2, Z) in the S-duality symmetry of N = 4 four dimensional heterotic strings.
Five dimensions
The charges form a vector Q i under O(5, n) and a singlet Q H . There are two invariants Q H and Q 2 . In order for a state to be BPS we need Q 2 ≥ 0. If either Q H = 0 or Q i = 0 (as a vector) 1/2 of the supersymmetries are preserved and only 1/4 are preserved if both are non-zero. In addition, when Q H Q 2 is non-zero, the corresponding configuration gives rise to a black hole with non-zero entropy. Strominger and Vafa computed the microscopic entropy of these black holes using D-branes for a general configuration [11] . They did the computation for the type II theory on K3 × S 1 . The charge Q H corresponds to KK momentum along S 1 and the charges Q i correspond to D1-, D3-and D5-branes wrapping along S 1 and a 0-cycle, a 2-cycle, and a 4-cycle on K3 respectively.
Four dimensions
In four dimensions we have electric Q i and magnetic P i charges, which are vectors of O(6, n) and together form a doublet of SL(2, Z). It is sometimes convenient to write the charges as V αi = (Q i , P i ) where α = 1, 2 is the SL(2, Z) index. We can form the symmetric matrix M αβ = V αi V βj η ij where η ij is the O(6, n) metric. The black hole entropy is proportional to [15] [6] S = det(M ) = Q 2 P 2 − (Q.P ) 2 (3.1)
which is clearly invariant.
The condition for having a BPS solution is that M αβ is semi-definite positive which means that detM ≥ 0 and M 11 ≥ 0, which implies, in particular, that Q 2 ≥ 0 and P 2 ≥ 0.
The condition for having a 1/2 BPS solution is that ǫ αβ V αi V βj = 0 which means that Q and P are parallel vectors, so that by means of an SL(2, Z) transformation the configuration can be dualized into one with only electric (or only magnetic) charges. We can present this statement, in analogy to (2.10), by saying that the projection of the second derivatives of the invariant detM projected on the adjoint of O(6, n) vanishes. As in N = 8, there is generically a phase that cannot be removed. This is a phase between the central and matter charges, reflecting the fact that five parameters are necessary to obtain the general solution [15] . Again this phase automatically vanishes if we have a 1/2 BPS state.
